A Computer Model of the Fixed Bed

Catalytic Reactor:
The Adiabatic and Quasi-adiabatic Cases
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A digital computer model of the adiabatic-fixed bed catalytic reactor is developed which
includes axial dispersion of heat and mass, interparticle heat and mass transpost, and intra-
particle diffusion of reacting species. The influence of these transport processes upon conversion
and yield is discussed. The madel is readily extended to nonisothermal, nonadiabatic cases in

the absence of radial gradients.

T!}e technique of computer solution avoids the inherent instability problem associoted with
explicit techniques as applied to flux boundary cendition problems which involve flow, diffusion,

and reaction,

A justifiable interest has been shown
by numerous investigators in problems
related to behavior of the fixed-bed
catalytic reactor. The complex nature
of the events which simultaneously oc-
cur in the typical nonisothermal unit
has provoked much of the fixed-bed
research in such areas as fluid-particle
heat and mass transfer, fluid-wall heat
transfer, radial dispersion of heat and
mass, and most recently axial disper-
sion of mass in fixed beds.

In the instance of isothermal opera-
tion the influence of bulk mass transfer
to and diffusion within the catalyst
pellet may be readily assessed by ap-
plication of criteria cited by Wheeler
(15), Weisz (14), Aris (2), and Car-
berry (8, 8a, 8b). Axial dispersion, as
it affects isothermal fixed-bed processes,
has been discussed by Danckwerts
(9), Hulburt (11), Wehner and Wil-
helm (13), Levenspiel and Bischoff
(12), and Carberry (4).

Isothermal operation of a fixed-bed
catalytic process however is rarely
possible and often not economically
feasible, as it is both difficult and ex-
pensive to remove or add heat at the
reactor wall in a fashion guaranteed
to create temperature uniformity
throughout the unit. Thus the non-
isothermal and/or adiabatic operation
of fixed-bed reactors represents the
more typical practice. Under these cir-
cumstances the isothermal criteria
suggested for an assessment of mass
transfer, porous-solid diffusion, and
axial-dispersion effects apply only at a
point within the nonisothermal net-
work, Since rates of mass transfer, pore
diffusion, and surface reaction are-each
characterized by differing temperature
and concentration dependencies, it
might be anticipated that no single
mode of rate control should necessarily
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prevail throughout a nonisothermally
operated fixed bed. Indeed it may be
safe to predict that varying degrees of
mixed rate control will be realized be-
tween bed entrance and exit. Obvi-
ously a detailed description of the net
rate process at various points through-
out. the reactor, and the extent to
which reactor performance is affected
by these point processes, is realized
only by recourse to a computer solu-
tion of the appropriate equations
which define the events. This paper
describes the construction and digital
computer solution of a model involv-
ing a catalytic reaction carried out in
a fixed bed in which the following
events are assumed to occur simultane-
ously: bulk mass transfer and heat
transfer to or from the exterior pellet
surface, species diffusion within the
porous pellet, and axial dispersion of
heat and mass.

The reaction considered is the first-
order conversion of A to B, followed
by the first-order decomposition of B
to C; that is

ko ky
A->B->C

Hence an assessment of both yield
and conversion is realized, since C may
be viewed as an undesirable by-prod-
uct.

The model is developed for two ex-
tremes of nonisothermal operation:
adiabatic conditions and nonisothermal
operation under circumstances where
radial gradients of concentration and
temperature are negligible. In brief
the assumptions underlying the de-
velopment are:

1. The absence of radial gradients
of heat, mass, and momentum.

2. The absence of a temperature
gradient within the catalyst pellet (8).

8. Constancy of coolant temperature
as a function of reactor length in the
nonadiabatic case.
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4. A constant average heat capac-
ity characterizes the reactant stream,
and the heats of reaction are assumed
independent of temperature.

5. Heat and mass transfer coeffici-
ents are uninfluenced by the surface
reaction.

6. Gas velocity, density, and the
axial-dispersion coefficient (a linear
function of velocity) are functions of
temperature as dictated by the ideal gas
law.

7. Axial conduction of heat is con-
fined to that dispersed by the fluid;
that is conduction through the parti-
cles is assumed negligible.

8. The appearance of product B and
its consumption to form C is a func-
tion only of the concentration of re-
actant A, the respective rate constants,
and porous-solid diffusivity. In other
words separate differential equations
are not written for B and C, since it is
assumed that no differences exist in
their dispersive transport. In essence
the assessment of yield is undertaken
for plug flow conditions (negligible
axial diffusion).

9. The diffusivities of A and B with-
in the porous pellet are assumed equal
and temperature independent. For
Knudsen diffusion the diffusivity is
actually proportional to \/T/M. Since
the chemical rate processes are ex-
pressed as exponential functions of
temperature, it is deemed unnecessary
to consider the temperature effects
upon diffusion.

MATHEMATICAL MODEL

A differential material balance, in
terms of gaseous reactant A, may be
written for a first-order catalytic con-
version as it occurs in a fixed bed:

d<_E_‘—2%:) d(uC,)
I + +

KC.,=0 (1)

Reactant dispersion in the axial di-
rection is governed by the dispersion
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Fig. 1. Influence of axial mixing upon adiabatic
profiles.

coefficient. On the assumption that
heat is dispersed axially by virtue of
mass dispersion only, the correspond-
ing equation describing gas tempera-
ture in the bed is
daT )

d( PGB d(upC,T)

+ +

dx dx

4
BQ—ho s (T—1.) =0 (2)

4
where h., ) (T — t,) represents the

1

heat transferred between the fluid and
reactor wall for the quasiadiabatic
case. The term RQ is the quantity of
heat generated or consumed by virtue
of surface reaction. In terms of the
solids surface temperature ¢, and the
fluid-particle heat transfer coefficient
h, one may write

RQ = — AH.K.C. — AHK,C» =
ha' (8. —T) (3)

The rate coefficients K, and K, are
effective rate constants which are func-
tions of solids temperature, the mass
transfer coefficient, and pore diffusiv-
ity.
tyThe governing equations .are ren-
dered dimensionless by the following
substitution, where C, is the initial
concentration of A:

(C/Cla=f; Z=1.,/T,
t./T, = y; T/T,=1; U=1U,7T
p = po/7; z=2x/L; E=E,r
and E, = Lu,/2n
(4)

Thus dispersion of heat and mass
are readily described in terms of the
number of equivalent perfect mixers
n, where n is related to the axial Pec-
let number by (5, 6)

L
2D,

If one makes the specified substi-
tutions, there results for the reactant f

n =

Ne, (5)
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dz r dz dz dz
2nf d’l’ 2"30
—— =2 Kf=0 (6)
T dz T

where 8, = L/u, the contact time
based upon inlet conditions. For the
fluid temperature

1 d~ dr h, 6(1—¢)L
2n d#* dz GG, D,

ho 4L
(4=~ g g 1 =2) =0 (1)

The boundary conditions for the
problem are, as shown by Wehner and
Wilhelm (183)

1
z = 0, bed entrance f = — + — ._di.
T 2n dz
—14 1 dr g
T on dz (8)
dr
=1, bed it — T —
z ed exi y e

DEFINITIONS OF THE RATE
PROCESSES

An effective rate coefficient K may
be defined in terms of a surface re-
action rate coefficient k, a mass trans-
fer coefficient k,a’, and porous catalyst
effectiveness ». In terms of reactant
concentration at the pellet exterior sur-
face C, the rate of bulk mass transfer
must equal that of reaction; thus

ka (C,— C,) = nkC,

where ¢ = a(l —¢)

(9)
(10)

Solving for C, one obtains for the
effective rate

kC
kC, = —1" 2% _R.C
K 1+ 9k/ka G (11)
The various coefficients are ex-

pressed in terms of reduced solids
temperature and the parameters gov-
erning the diffusive processes as

k=kaexp[——1;—%-<%—-—l)] (12)

tanhy 1 /1—e™
E— ) (9
where
1./k
“% VD (14)

in which 1/a is the ratio of the volume
to the external surface area of the
pellet. Aris (2) has shown that speci-
fication of the characteristic particle
length in this fashion 1/a renders the
n — ¢ relationship virtually independ-
ent of particle shape. The diffusivity is
that which dictates the rate of species
transport into the catalyst interior. For
most active, high surface-area pellets
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Knudsen diffusion prevails, and D is
generally some order of magnitude
lower than the bulk diffusivity of the
as.

The heat and mass transfer coeffi-
cients are defined, for Reynolds num-
ber below 1,000, by a boundary layer
i factor (7)

hy
puC,

k
—% Ng*® = 1.15 Np,™® (15)
u

o
Jor =

N Pr2/8 =

This relationship has been found to
be in substantial agreement with litera-
ture data representing a wide range of
physical properties and processes.

PRODUCT DEGRADATION
(WHEN n —> o0)

The yield with respect to B is as-
sumed to be governed by the concen-
tration of unreacted A, the ratioc of
rate coefficients S = ki/k,, and the
extent to which diffusion within the
catalyst promotes the formation of the
degradation product C.

In the instance of a macroporous
catalyst where species diffusion within
the pellet is rapid relative to the sur-
face reaction rate, the differential
yield of B for the reaction A—> B> C
is simply, for piston flow (n - o)

dB B

=] —

dA SA

When however the more typical
case of catalysis by microporous pel-
lets is encountered, the product B
which is formed within the pores may
undergo degradation to C in its diffu-
sive journey out of the pores. Wheeler
(15) has treated this situation in de-
tail and has shown that the differen-
tial yield of B is given by

(16)

dB S (B N S
TdA s—1 \a "s—1
1 tanh ¢/~/S
-—:—‘p——s’)’ (17)
/S tanh ¥

As ¢ approaches zero, Equation
(17) reduces to the diffusion-inde-
pendent relation, Equation (16).
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The yield of B at each point in the
reactor is readily computed in terms of
solids temperature, reactant concentra-
tions, and the reaction-diffusion param-
eters at each point in the fixed-bed
network. Thus writing Equation (17)
in terms of degradation product C one

obtains
a s (B S )
dA S—1 \xts—T
1 tanh y/\/S
.___‘I'_\/__l(lg)
VS tanh
ac 1
da "7

From Equation (3), since dC/df =
dA/ds (y — 1)

dA
do

dA
Hy — (y—
A 7 (y—1)

ha (t,—T) = — AH,

In dimensionless form

(G}Z, )6(1——-5)% (y—r) =
[f%%ﬂaﬂf(l +

TECHNIQUE OF COMPUTER SOLUTION

Others (1) have noted the stability
difficulties that are encountered when
equations of the type characterizing
the model invoked here are subjected
to explicit or marching techniques of
computer solution. Since the explicit
technique involves marching from re-
actor inlet toward the end of the re-
actor, the specification of df/dz and
dr/dz, as demanded by the boundary
conditions, leads to an inherent instabil-
ity. Amundson and co-workers (1) have
circumvented this difficulty by inte-
grating from the outlet of the reactor
(where df/dz and dr/dz equal zero)
toward the inlet. An assumed distribu-
tion of concentration and temperature,
which was initially estimated by first
treating the bed as a series of well-
stirred reactors, is necessary. More re-
cently Deans and Lapidus (10) pre-
sented a dynamic as well as steady
state model of a fixed bed first-order
surface rate controlled reaction where
both axial and radial dispersion of heat
and mass are handled by viewing the
entire bed as composed of a series of
well-stirred reactors in both the axial
and radial directions.

The present solution is an implicit
one, involving the solution of simul-
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Fig. 3. Intraparticle diffusion and mass transfer influence.

taneous finite difference equations
which were used to approximate the
differential equations. No initial esti-
mate of the temperature and concen-
tration distribution is required; that is
7, ¥, and f are assumed constant and
equal to unity throughout the bed at
the beginning of the computation.
Employing an IBM-650, with the float-
ing decimal adjunct, programming in
machine language, and making use of
the high-speed immediate access stor-
age units, one requires approximately
10 min. of machine time to produce
a converged solution. A fifty-one-point
network including a point at the bed
entrance p = 0 and a point at the bed
exit p = 50 was employed in program-
ming this problem, and the error found
in comparing the calculated heat re-
lease to the calculated adiabatic tem-
perature rise was less than 0.01%. A
one hundred-point net yields identical
results.

NUMERICAL METHOD

The method of solution for the
problem can be illustrated with the
equation for the dimensionless concen-
tration f [Equation (6)1]:

d'f 1 dr df 2ndf

dZ 't dz dz  dz
onf d 2n8.K;
2nf dr _2m8Kf (20)
T dz T

Substitution of finite difference ap-

proximations for the differential terms

in this equation gives
2n8,AZ*

Tp

et fo [ —2 x| '

naz

N
||} C20)

Relabeling terms in Equation (21) one
finds

fv—l zv + fp Ep + fp+l Ep = 59 (22)
A.L.Ch.E. Journal

fiH'l =

This difference equation is centered at
point p. The system of nonlinear simul-
taneous equations represented by
Equation (22) for p = 1 to p = 49
forms a tridiagonal matrix. If assumed
values of r and f are used in the cal-
culation of B, and D,, the equations
can be solved for f, by a method de-
scribed by Bruce et al. (3) and at-
tributed by them to L. H. Thomas of
the Watson Scientific Computing Lab-
oratory. Bruce et al. (3) stated, “While
the method is equivalent to plain
Gaussian elimination, it avoids the er-
ror growth associated with the back
solution of the elimination method and
also minimizes the storage problems in
machine computation.”

The Thomas method applied to the
solution of Equation (22) is as follows:
At p = 1: foZl +f1E1 + f261= 51 (23)

The boundary condition at the bed
entrance states

1 1 df
L TN

Substituting Equation (24) in (23)

and rearranging to conform to the
algorithm of Thomas one finds

- 1
fagx + fzcx =D, — ["—’ -+
1 ( df _
—\ 5 A; (25)
2n dz 2=0

At p = 49: The last equation of the
set is centered at p = 49:

fmzm + f49§49 + fsoém = 549 (26)

The boundary condition at the bed
exit states

(24)

Therefore fs = fw» and
fgsgn -+ fm (Em + CT@) = 540 (28)
At points other than p = 1 and 49
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E?uation (22) applies. In general the
solution is obtained by letting

Wy, = E‘; - A‘,bg.]_
b, = Er/ Wy (29)
5’ - Krgp-x
8 = v,

For the first point
w, = B,
b, = C./w, = Ci/B,
a-[L(4) Ja
— v 2n N dz

=0

&

W,
For the forty-ninth point
Wy = (Es + 649) - Kmbts
Do— Zagn
w49

The above relationships (30) and
(31) follow by reason of the specified
boundary conditions.

The solution to the equation is, as
demonstrated earlier (3)

8o = (81)

fm = Zuw
f;s = s — bmfm
fi =g bpfm-l

and so on to f. This gives a set of
values calculated from assumed sets of
f and r values. Therefore a trial-and-
error calculation is required in which
the calculated value of f is substituted
into the terms B, and D, as the next
assumption of f.

The solution of Equation (7) for «
is carried out concurrently with the
solution for f by a method exactly
analogous to that described above for

(32)

At the beginning of a complete
iteration a set of values for f and r is
assumed. The same set is used in the
solution for both f and r and then
changed to a new set for the next
complete ijteration. This new set is
simply the calenlated values of f and
v from the previous iteration. This
method was applied until convergence
of the trial-and-error calculation was
achieved as indicated by the sum of
the absolute values of the differences
between assumed and calculated val-
ues of the variable. In the present
study convergence was assumed when
the sum of the absolute differences for
fifty-one points became 0.01 or less for
both the variables f and r.

Since the boundary conditions at the
bed entrance

1+1 df)
T 2n “Mdz

2=0
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have caused difficulty in the past (1),
it is of interest to show how they were
handled in the present study.

For the first trial-and-error iteration
at the beginning of the solution distri-
butions of f and + throughout the bed
were assumed. The gradients

( df ) ' d( dr
—— n ——
dz ¢ .. 2 dz 7 .

could then be calculated with the finite
difference approximations:

(_cif_) §—3f0+4f1——fz
dz

z=0 2A%
(
dz

)..
Once calculated distributions of f and
1 were obtained from an iteration, the
gradients at z = 0 could be recalcu-
lated and used in the next iteration.
Unlike most explicit or marching tech-
niques a priori estimates of
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24z
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at 2 = 0 were not required with this
implicit method.

The stability of the method used in
this study is illustrated by the fact
that the initial f and - distributions as-
sumed for any given case to be solved
were

f=10
and
+=1.0

at all values of z. In general this dis-
tribution was far removed from the
final solution, but no instabilities de-
veloped and the solution converged
very rapidly.

Precisely the same strategy as out-
lined above was employed to solve the
problem of diffusion and reaction
within nonisothermal porous catalyst
pellets where a flux boundary condi-
tion due to interparticle diffusion was
imposed (8).

DISCUSSION
Axial Mixing Effects

The influence of axial dispersion of
heat and mass upon conversion ap-
pears, on the basis of computation, to
be negligible so long as the bed depth
is greater than about 50 particle diam-
eters for N», = 2. In other words the
computed temperature and concentra-
tion profiles for piston flow (n — o)
are virtually indistinguishable from
those profiles which result for a finite
number of mixing stages equivalent to
bed depths of 50 particle diameters.
Thus the conclusions previously infer-
red from relationships for isothermal
operation (4) appear to be borne out
for adiabatic operation, as noted in
Figures 1 and 2. Yield, involving as it
does competitive conversions, will re-
main uninfluenced by axial diffusion
unless low aspect ratios (L/D,) char-
acterize reactor design.

Bulk Mass Transfer and Pore-Diffusion
Effects

As might be expected considerable
differences in reactor performance may
be encountered between cases involv-
ing small and large diameter pellets.
This point is illustrated in Figure 3,
where the computed concentration and
gas temperature profiles for adiabatic
fixed-bed operation are shown for two
extreme modes of operation. In the
first, pellet diameter is small and mass
transfer rates quite high relative to the
surface reaction rate. In the second
case relatively large pellets are em-
ployed. The net result is of course a
radical reduction in conversion for a
given bed length as a result of rate
retardation due to bulk mass transfer
and diffusion within the porous pellets
which reduces catalytic effectiveness.

January, 1963



A more dramatic illustration of mixed
rate control and the influence of tem-
perature upon rate control is given in
Figure 4. This is a case of nonadiabatic,
nonisothermal operation where radial
gradients of heat and mass are assumed
to be negligible. The figure specifies
point values of the catalytic effective-
ness, the surface rate constant, the
mass transfer .coefficient, and the re-
sultant effective rate constant over a
length of reactor in which the tem-
perature varies considerably. A quanti-
tative assessment of the contribution of
each step to the overall rate process is
given below.

Mass
transfer Chemical Effective Catalytic

resist- rate rate  effective-

z =x/L ance,% k,sec,t K, sec.l ness, %
0 10 1 0.83 92
0.125 41 13 45 60
0.25 38 9 4 84
0.5 29 5 2.7 75
0.75 23 3 2 81
1.0 18 2.3 1.5 85

Factors Affecting Yield

In the general reaction scheme con-
sidered the factor which most severely
influences the yield in the sequence
A - B > C is the diffusivity of the
species within the pores of the catalyst.
While this has been clearly demon-
strated by Wheeler’s analytical solu-
tion, as might be expected, existence
of exotherms within the bed seriously
promotes the degradation of desired
species B. In Figure 5 profiles for dif-
fusion-free and  diffusion-influenced
adiabatic operation are displayed for a
consecutive reaction scheme in which
the intermediate B is the desired prod-
uct.

CONCLUSIONS

The construction of a fixed-bed
catalytic reactor model in which is in-
corporated various potential modes of
transport illustrates the fact that the
nonisothermal operation of a fixed bed
is rarely characterized by one mode of
rate control. Although only simple
chemical kinetic expressions have been
used, these conclusions are neverthe-
less valid no matter how complex the
chemical transformation law may be.
It is clear that axial dispersion of heat
and mass exerts a negligible effect
vpon profiles unless one is dealing with
extremely shallow bed reactors. It is
therefore concluded that the chief
detriment to high yield in the noniso-
thermal fixed-bed reactor is porous-
solid diffusion. The question of tem-
perature gradients within the particle,
while not considered in this model,
has been treated in a previous com-
munication (8), and indeed an assess-
ment of exothermicity within the bed
as a whole and within individual par-
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ticles must always be made when one
is seeking a cause for the low yield of
a thermally or catalytically sensitive
product.
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NOTATION

a = external surface to volume
ratio for a particle, cm.™

" =a (1—¢)

C = molecular species, moles

C,D = coefficients in Thomas

routine

concentration of

moles/cc.

= bulk  phase

moles/cc.

initial concentration moles/cc.

surface concentration moles/

cc.

heat capacity, cal./mole °C.

diffusivity of species in porous

pellet, sq. em./sec.

bulk molecular diffusivity, sq.

cm./sec.

reactor tube diameter, cm.

particle diameter, cm.

exponential

axial-dispersion coefficient, sq.

cm./sec.

(C/C.)., reduced concentra-

tion of A

defined by Equation (26)

mass velocity, up

fluid-particle heat transfer co-

efficient, cal./sec. sq. cm. °C.

fluid-wall heat transfer coeffi-

cient, cal./sec. sq. ecm. °C.

= reaction enthalpy change, cal./
mole

= heat and mass transfer § fac-
tor, Equation (15)

= surface reaction rate constant,

sec.™

= bulk mass transfer coefficient,

cm./sec.

overall, effective rate constant,

Equation (11), sec.™

reactor length, cm.

molecular weight

number of perfect mixers,

Equation (5)

Reynolds number, Du/v

Prandt]l number, C,u/k

Peclet number, D,u/E

Schmidt number, »/D..

heat released or abstracted

owing to reaction, cal./mole

gas constant, cal./g. mole °K.

rate, moles/(cc.)

1>

>

B,
3 B’

a »
I

species i,

$H
|

concentration

°

5 p v ae
R R '

SERSES

o

Fam
NER

B &
I

~—a,

X A
o
|

I

Ipn =

[T

F
b

!

f

reaction
(sec.}
defined by Equation (22)
selectivity, = k./k,

gas temperature, °K.

inlet gas temperature, °K.
reactor wall temperature, °K.
catalyst temperature, °K.
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°

2

L T

shoSh
3
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u = average fluid velocity within
bed, cm./sec.

4, = superficial velocity = wue,
cm./sec.

w = defined by Equation (26)

x = axial distance within reactor,
cm.

*¥. = initial mole fraction

y = reduced solids temperature,
t./T,

z = reduced bed length, x/L

Z = reduced wall temperature,

tw/T,

Greek Letters

o activation energy, cal./g.-mole

|

v selectivity function, Equation

(17)
= contact time, = 4,r, sec.
= reduced gas temperature,

T/T,

p = gas density = p,/r, g.-moles/
cc.

7 = catalytic effectiveness factor

¥ = diffusion-reaction modulus,
Equation (14)

€ = void fraction

8 = heat generation parameter,
( hand AH xu )

C,T,

Subscripts

a,b = molecular species A, B

o = feed conditions, T,, C,

P = net point in Thomas routine

s = solid

w = wall
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